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Here, we revisit the question of possible preheating of entropy modes in a two field model with
a massless inflaton coupled to a matter scalar field. Using a perturbative approximation to the
covariant method we demonstrate that there is indeed a parametric instability of the entropy mode
which then at second order leads to exponential growth of the curvature fluctuation on super-
Hubble scale. Back-reaction effects shut off the induced curvature fluctuations, but possibly not
early enough to prevent phenomenological problems. This confirms previous results obtained using
different methods and resolves a controversy in the literature.
INTRODUCTION
The “reheating” phase is an important period of infla-
tionary cosmology. It describes the transfer of the energy
density between the inflaton field, the field which drives
the inflationary expansion of space, and regular matter.
Without reheating, inflation would leave behind a uni-
verse devoid of matter, not the kind of universe we ob-
serve. The energy transfer between the inflaton field and
regular matter is a consequence of couplings between the
inflaton field φ and “regular matter”. For simplicity, in
studies of reheating the regular matter which consists of
fermions, gauge fields and scalars is usually modelled by
a scalar field χ which has some direct couplings with φ.
The energy transfer at the end of the period of exponen-
tial expansion of space from the inflaton field φ to regular
matter χ was initially studied using first order perturba-
tion theory [1–3]. However, such an analysis does not
take into account the fact that the inflaton field φ at the
end of the period of inflation is in a highly excited homo-
geneous condensate state and is not an assembly of free
perturbative quanta. A treatment of the energy transfer
which takes into account the coherence of the inflaton
condensate was proposed in [4, 5]. In these works, it was
realized that the energy transfer from φ and χ is driven
by a parametric resonance instability. This instability
was worked out in detail in [6–8], and the word “preheat-
ing” was coined to describe this energy transfer process.
The instability is exponential and typically leads to an
energy transfer which is rapid on the Hubble time scale
H−1, where H is the Hubble expansion rate at the end
of the period of inflation. On the other hand, the state of
χ after preheating is not thermal, and to achieve a ther-
mal state of matter particles a second stage of reheating,
namely the thermalization stage is required. For recent
reviews of reheating see e.g. [9, 10]. We will not discuss
the thermalization stage further since we are interested
in this paper in certain effects of the preheating phase.
From the mathematical point of view, the key aspect
of preheating is that the oscillations in time of the infla-
ton field φ after the end of inflation lead to a periodically
varying contribution to the mass term of the χ field. The
equation of motion for χ thus falls into the category of
those described by Floquet theory [11], which states that
there are bands of Fourier modes of χ which experience
exponential growth. Since the inflaton field φ also cou-
ples to gravity, the oscillations of φ lead to a periodi-
cally varying contribution to the mass term in the equa-
tion of motion for cosmological perturbations, as was first
pointed out in [12] and [13]. Hence, there is the possibil-
ity that preheating can lead to a parametric instability
in the amplitude of cosmological perturbations, even on
scales which are super-Hubble at the end of inflation. If
this were true, it would completely change the usual pre-
dictions of inflationary models. In fact, the presence of
a resonant instability of cosmological fluctuation modes
could lead to an amplitude of fluctuations which is much
larger than the observed value, thus placing constraints
on inflationary models.
In [14] (see also [15–17]), it was shown that in models
with only adiabatic fluctuations there is no instability
of curvature fluctuations on super-Hubble scales. This
is related to the conservation of the comoving curvature
fluctuation variable ζ on super-Hubble scales [18, 19] (see
also [20–22] for early work). However, in certain two field
models of inflation it was argued in [23–26] that in the
case of “massless preheating” (the inflaton having van-
ishing mass) there will be a preheating instability for the
entropy fluctuation mode, even on super-Hubble scales
[61]. In fact, it was shown in [28, 29] that back reaction
effects will not be strong enough to shut off the instabil-
ity before the entropy mode has become dominant. The
presence of a preheating instability for the entropy mode
was confirmed in the analyses of [30] and [31], extended
to the case of multifield generalized Einstein models in
[32], and applied to certain examples in [33].
However, there remain concerns about the conclusions
of [14]. An analysis using the “separate universe” method
[34] argues that the preheating of entropy fluctuations is
less effective. An analysis using the δN formalism, a
method which is closely related to the separate universe
approach, finds that there is parametric resonance of the
entropy mode [35], although in a subsequent paper [36]
the same authors do not find substantial effects on the
curvature fluctuations . In addition, little amplification
of the curvature fluctuations is observed in the numerical
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2work of [37] which was based on a numerical implemen-
tation of the δN formalism.
Since the entropy mode sees a growing curvature fluc-
tuation on super-Hubble scales, any parametric reso-
nance instability of an entropy mode can lead to an ex-
ponential growth of the curvature fluctuation during the
preheating stage. This is a potentially disastrous effect
since the fluctuations could well grow to become larger
than the observed values. Hence, from the point of view
of inflation model building it is very important to de-
termine whether the parametric resonance instability of
the entropy mode is robust. The goal of this paper is
to reconsider this question using different methods than
have been used before. Specifically we will make use of
the “covariant formalism”, a formalism developed in [38]
(see also [39] for earlier related work), a formalism which
can be applied even non-perturbatively (we, however, will
use a perturbative truncation of the formalism).
Our study shows that the preheating of entropy modes
is indeed effective in the massless preheating toy model
which we consider, and that this leads to an exponentially
growing contribution to the curvature fluctuation. Since
we have shown that our equations are the perturbative
limit of a consistent non-perturbative formalism, we now
have a better reason for arguing that the instability we
find will extend beyond the perturbative treatment.
Our goal is to demonstrate an instability of the model
on cosmological scales. Our methods obviously break
down once the nonlinear regime is reached. At this
point, numerical methods used to study nonlinear pre-
heating effects (see e.g. [40] for the first numerical code
for studying preheating which includes the metric fluctu-
ations, and [37, 41–46]) would have to be applied. These
nonlinear effects, however, cannot reduce the amplitude
of curvature perturbations on cosmological scales, and
hence we do not consider them.
We emphasize that our results are not new. They con-
firm the conclusions reached in earlier work (specifically
in [14]). However, our paper resolves a controversy in
the literature about the conclusions which were reached
in the earlier works.
MASSLESS PREHEATING
In [14] necessary conditions for the effectiveness of pre-
heating of the entropy mode of metric fluctuations have
been discussed. One of the conditions is that there is effi-
cient parametric resonance in the matter sector in the ab-
sence of gravitational fluctuations. A model of massless
inflation satisfies this condition. Hence, in this paper we
consider a toy model containing a massless inflaton field
φ coupled to a massive matter field χ with a potential
V (φ, χ) =
λ
4
φ4 +
1
2
g2φ2χ2 . (1)
The interaction term φ2χ2 allows for the decay of the
coherent inflaton configuration φ into massive χ excita-
tions.
Up to the mass term for χ (which we will neglect in
the following) our model is conformally invariant. Thus,
via a conformal transformation we can map our model
into one living in Minkowski space-time, and then study
preheating in Minkowski space-time. This is technically
much simpler than performing the calculation in the orig-
inal variables in an expanding universe. As pointed out
first by [47], the structure of resonance in the matter sec-
tor depends in a crucial way on the relation between the
coupling constants λ and g2. Indeed the only parameter
responsible for the structure of resonance is the ratio g
2
λ .
We are interested in studying the evolution of the en-
tropy perturbation in this two field model. To do this we
first need to study the evolution of the quantum field χ
in the background of the classical field φ. This will be
done in the rest of this section.
We consider the case in which the zero mode of the
χ field is zero and therefore χ has no effect on the infla-
tionary dynamics in the absence of quantum fluctuations.
However, quantum fluctuation of this field are continu-
ously excited. Since the equation of motion for χ is linear
in χ each Fourier mode evolves separately. We are inter-
ested in modes whose wavelength today corresponds to
cosmological scales. The wavelength is smaller than the
Hubble radius early during the inflationary phase, grows
relative to the Hubble radius as a consequence of the
accelerated expansion of space during the period of infla-
tion, and exits the Hubble radius a number of e-folding
times before the end of inflation. At that point, the os-
cillations of the quantum fluctuations freeze out and the
modes can be squeezed.
Later on we will have to take into account the fact that
the ensemble of large scale fluctuations of the χ field will
generate an effective χ background in which smaller scale
χ modes live. We will find this background by averaging
over the large-scale fluctuations.
Evolution of the Inflaton φ
First we review the dynamics of φ after the end of the
period of inflation. During inflation the effective poten-
tial for the inflaton is λ4φ
4 . Therefore the Klein-Gordon
for the classical inflaton field φ is
φ¨+ 3Hφ˙+ λφ3 = 0 , (2)
where H is the Hubble parameter and “ ˙ “ is the deriva-
tive with respect to physical time. For further simplifi-
cation we work with conformal time η defined via
adη = dt .
3Then as we mentioned before we do a conformal trans-
formation
aφ = ϕ .
If we rewrite equation (2), we find
ϕ′′ + λϕ3 − a
′′
a
ϕ = 0 , (3)
where “ ′ “ denotes the derivative with respect to confor-
mal time.
After the end of the period of slow-roll inflation, the
background Φ field will start anharmonic oscillations
about Φ = 0 since it lives in a confining potential. It
is well known that for a quartic potential λφ4 the time
average of the time-averaged energy momentum tensor is
traceless and hence the equation of state (averaged over
an oscillation period) is the same as for radiation. Hence
a(η) ∼ η, and therefore the last term in the equation (3)
vanishes. Thus we obtain
ϕ′′ + λϕ3 = 0 (4)
which has periodic solutions. To find these solutions we
introduce the dimensionless conformal time
x ≡
√
λϕ˜η ,
where ϕ˜ is the constant amplitude of the oscillations of
ϕ = ϕ˜f(x). The solution of equation (4) can be written
in terms of Jacobi elliptic functions:
ϕ = ϕ˜cn(x− x0, 1√
2
) . (5)
We can approximate the elliptic cosine function by the
leading term in its series expansion, cos(x), which is very
good approximation as discussed in [47]. Therefore the
solution of the Klein-Gordon equation for the ϕ field is
ϕ = ϕ˜ cos(x) . (6)
Before moving on to next section, for further reference
it is useful to find the form of scale factor in this theory
[47]. At the end of inflation and beginning of preheat-
ing the effective potential is λφ4/4 and the homogeneous
value of χ field is zero. Thus the Friedman equation is
H2 =
8pi
3M2p
(
1
2
φ˙2 +
λφ4
4
) , (7)
where H is the Hubble parameter. When averaging over
several oscillations of the inflaton field while φMp we
then find
a(x) ∼
√
2pi
3
ϕ˜
Mp
x . (8)
Evolution of the Preheat Field χ
In this subsection we study the evolution of the lin-
ear mode functions of the χ field, and use the results to
determine an effective background χ field which a fixed
Fourier mode of the fluctuations will feel. As discussed
e.g. in [29], this background is obtained by integrating
over fluctuations of wavelength larger than the one we
are considering.
At the classical level, the homogeneous value of the
χ field is zero. The effective background which a mode
with wavenumber k will feel is generated by the quantum
fluctuations of larger wavelengths which have exited the
inflationary Hubble radius earlier, have been squeezed
and decohered and hence become classical (see e.g. [48,
49]). To find this effective background, we must first
solve the equation for the quantum fluctuations of the χ
field. For simplicity we take the spatial sections to be
flat.
As it is standard in the field, we use the formalism
of quantum field theory in curved space-time. Since we
are considering a free quantum field χˆ, we can expand the
field in Fourier modes, and each Fourier mode in creation
and annihilation operators aˆ+k and aˆk, respectively
χˆ(t, ~x) =
1
(2pi)3/2
∫
d3k
[
aˆkχk(t) exp(−ik.x) (9)
+ aˆ+k χ
∗
k(t) exp(ik.x)
]
,
where the mode functions χk satisfy the following Fourier
space Klein-Gordon equation
χ¨k + 3Hχ˙k + (
k2
a2
+ g2φ2)χk = 0 . (10)
In conformal time and considering conformal transforma-
tion
aχ ≡ X (11)
as well as a conformal transformation of the φ field
aφ ≡ ϕ (12)
we find
X ′′k + [
k2
λϕ˜2
+
g2
λ
f(x)− a
′′
a
]Xk = 0 , (13)
where “ ′ “ denotes the derivative with respect to dimen-
sionless conformal time, and f(x) is the periodic with
amplitude 1. As mentioned before, the last term in this
equation vanishes during massless preheating and the
equation becomes:
X ′′k + [
k2
λϕ˜2
+
g2
λ
cos2(x)]Xk = 0 , (14)
4where we have also inserted the approximate form of
f(x). This equation has the structure of a Mathieu equa-
tion. To make it clear we rewrite equation (14) as follows:
X ′′k + [(
k2
λϕ˜2
+
g2
2λ
) +
g2
2λ
cos(2x)]Xk = 0 . (15)
As we mentioned in the Introduction we will consider
values of the coupling constant for which it is known that
there is preheating in the matter sector. Hence, we con-
sider the case g
2
λ ' 2 since in this case all long wavelength
modes of the χ field are located in the instability region
of the Mathieu equation [47]. Therefore the solution for
Xk will be of the form
Xk(x) = A1 exp(µkx)P1(x, k) +A2 exp(−µkx)P2(x, k) ,
(16)
where µk is the so-called Floquet exponent [11] which
in this case has a positive real component (the Lyapunov
exponent), and P1 and P2 are periodic functions of x with
amplitude 1 which appear in the solution of the Mathieu
equation [11]. Note that the period is determined by the
period of the inflaton field, and is independent of k.
Considering only the growing mode we need to deter-
mine the constant A1 by fixing the initial conditions.
Since preheating is preceded by a phase of inflationary
expansion, the initial conditions for preheating are de-
termined by the evolution of the field during inflation.
This slow-roll inflation is given by a quasi exponential
expansion of the universe, where the Hubble parameter
is almost constant. During inflation, quantum χ field
perturbations (as well as φ perturbations) are created
from vacuum initial conditions on sub-Hubble scales. As
the wavelengths of these fluctuations are amplified in this
phase relative to the Hubble radius, they eventually exit
the Hubble radius where they ”freeze out” and may un-
dergo squeezing.
To see whether squeezing occurs, we have to compare
the magnitude of the induced mass term in (13), the term
g2
λ f(x)Xk, with the squeezing term
a′′
a Xk. Thus, the
condition for squeezing is
g2
λ
<
a′′
a
. (17)
Re-expressing the derivative with respect to the rescaled
time in terms of the regular time derivates, the condition
(17) becomes (making use of |H˙|  H2)
H2 > g2Φ2 . (18)
Since during slow-roll it follows from (7) that H2 ∼ Φ4,
we see that (18) will be more easily satisfied for large
values of the inflaton field. Thus, to see if we get squeez-
ing we need to determine the range of values of Φ during
slow-roll inflation. Specifically, we need to determine the
value of Φ at the end of the slow-roll period.
During slow-roll, the second derivative term in (2) is
neglected and the kinetic term is negligible in the Fried-
mann equation (7). Solving for the evolution of Φ in
the slow-roll approximation and using the result to check
when the kinetic contribution to H ceases to be sub-
dominant yields the result
ϕ2end ∼ 2(6piG)−1 (19)
for the value of ϕ at the end of the slow-roll period. We
are interested whether there is squeezing for modes which
exit the Hubble radius a number N Hubble times before
the end of inflation (for scales of cosmological interest
we have N ∼ 50). Making a Taylor expansion in the
evolution of ϕ about the endpoint of the slow-roll phase
yields the lower bound
ϕ(N) > ϕend
(
1 +N
3
2
)
(20)
for the value of ϕ N Hubble expansion times before the
end of inflation. Inserting this result into (18), we can
see that the condition (18) is satisfied provided N > 2.
This means that the quantum fluctuations of the entropy
modes will be squeezed between when they exit the Hub-
ble radius and when N = 2, i.e. essentially to the end of
the slow-roll phase.
Since during the squeezing period Xk ∼ a, the power
spectrum of the entropy modes from inflation becomes
scale invariant and the initial conditions for the X modes
at the beginning of the preheating phase are given by:
A1(k) =
1√
2k
a(tR)
a(tH(k))
= HIk
−3/2 , (21)
where tR is the time when inflation ends. We will nor-
malize the scale factor such that a(tR) = 1. Also, tH(k)
is the time of horizon crossing, with a(tH(k)) = k/HI
and HI the Hubble rate during inflation. With that, the
solution for Xk is:
Xk(x) ' HIk−3/2 exp(µkx)P1(x, k) . (22)
Thus we can observe clearly that the Xk mode function
is exponentially growing, which in turn leads to an ex-
ponentially growing number density of χ particles. The
value of the Floquet exponent as a function of k is shown
in Fig. 1 [47]. In this figure, the vertical axis denotes the
value of the Floquet exponent, the horizontal axis labels
k. Note that for the infrared modes which we are inter-
ested in, the value of the Floquet exponent is about 0.2.
Even though µk < 1, the time scale of the exponential in-
stability is (while long compared to the oscillation time)
short compared to the Hubble expansion time. Note that
the analysis has so far been in the absence of gravitational
fluctuations.
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FIG. 1: Value of the Floquet exponent (vertical axis) as a function of k in units of k2/(λφ˜2).
The quantum fluctuations on large wavelength which
were squeezed and classicalized after exiting the Hubble
radius will form a background in which the metric fluc-
tuations evolve. To find the effective background value
which a mode with wavenumber k feels, we need to inte-
grate over all wavelengths larger than k−1 [62] Thus, we
define the effective background of the χ field on a scale
k as
χeff(k) ≡
( k∫
0
d3k
′
X2
k′
)1/2
. (23)
To estimate this integral, recall that the period of P (x, k)
is independent of k. To a good approximation we can
take the Floquet exponent to be independent of k as long
as the mode k is in the infrared instability band. Since we
are interested in modes k which are cosmological today,
the assumption that k lies in this band will be satisfied
(recall that the infrared instability band runs from k = 0
to k = kc, where kc is a microscopic scale). For vacuum
initial conditions the integral is dominated at the upper
end k
′
= k, and hence using (22) we obtain
χeff(k) ∼
√
piH exp(µx)P1(x, k) , (24)
where we have dropped the index on the Floquet expo-
nent. The periodic function P1 is [11] a series of sine
and cosine functions with different coefficients and the
leading term is sin(x) with unit coefficient Therefore, the
leading term for P1 gives us
χeff(k) ∼
√
piH exp(µx) sin(x) (25)
for the effective background value of the preheat field.
COVARIANT FORMALISM
In this section we review the covariant formalism fol-
lowing the references [38, 50–52] in which the formalism
was developed (see also [53] for related work). The ad-
vantage of the covariant formalism is that it is based
on variables which vanish identically for the background
cosmology. Hence the fluctuations of these quantities are
automatically gauge-invariant and can be used for a non-
perturbative analysis [54].
In the following we first define the variables which are
used in the covariant analysis. Then we determine the
dynamical equations which they satisfy. We then make
two simplifications. First, we take the long wavelength
approximation which is well justified since we are inter-
ested in modes which are well outside the Hubble radius
during reheating. Finally, we solve the resulting equa-
tions in the leading approximation.
Case 1: A Perfect Fluid
For instructive purposes we first review the covariant
formalism in the context of perfect fluid matter. We
consider space-time as a manifold with a preferred fluid
flow direction which is characterized by a four-velocity ua
which satisfies the normalization condition uaua = −1.
The energy-momentum tensor for the perfect fluid is
T ab = (ρ+ P )u
aub + Pg
a
b (26)
where ρ and P are energy density and pressure, respec-
tively. The spatial projection tensor orthogonal to the
fluid four-velocity is
ha b ≡ ga b + uaub , (27)
6and satisfies the relations
habh
b
c = h
a
c and
h ba ub = 0 . (28)
The expansion parameter of space is given by
Θ ≡ ∇aua , (29)
where ∇a is the covariant derivative. The acceleration,
u˙a , is defined through the projected covariant deriva-
tive along the four-velocity. To be more precise, let us
define the time evolution of any quantity in the covari-
ant formalism by the Lie derivative with respect to the
flow direction in the manifold. For a one form Ya the Lie
derivative is defined by
Y˙a ≡ LuYa = uc∇cYa + Yc∇auc . (30)
For a scalar f only the first term arises, i.e. f˙ = ua∇af .
Therefore the acceleration is defined by
u˙a = Luua . (31)
For each comoving observer, we can define the logarithm
α of the local scale factor by integrating Θ along the fluid
world lines: ∫
dτΘ ≡ 3α . (32)
Key to the covariant approach is to make use of vari-
ables which vanish on the unperturbed space-time. Fol-
lowing [38, 39, 55] one can define the “projected covariant
derivative” operator
Da ≡ hba∇b . (33)
It is the projection onto the hypersurface perpendicular
to the vector field tangent to the flow lines. Next, one
can introduce the spatially projected covariant derivative
(projected gradient) of the energy density
Daρ ≡ h ba∇bρ = ∂aρ+ uaρ˙ , (34)
of the pressure
DaP ≡ h ba∇bP = ∂aP + uaP˙ (35)
and of the expansion parameter
DaΘ ≡ h ba∇bΘ = ∂aΘ + uaΘ˙ . (36)
As these quantities vanish in FRW space-time, they yield
a fully geometrical and nonperturbative characterization
of perturbations.
Knowing that, let us work out the generalized curva-
ture and non-adiabatic pressure perturbation in a geo-
metrical way. Starting point are the conservation equa-
tions for the energy-momentum tensor whose first com-
ponent fields the continuity equation
ρ˙+ Θ(ρ+ P ) = 0 . (37)
Using the projected gradient of this equation one can
define the curvature covector as below [50]
ζa ≡ Daα− α˙
ρ˙
Daρ . (38)
Then the time evolution of this quantity is
ζ˙a = Luζa = − Θ
3(ρ+ P )
(DaP − c2sDaρ) (39)
where c2s ≡ P˙ρ˙ is the generalized speed of sound as de-
fined in [50]. Comparing this equation with the familiar
equation of motion in linear theory where the right-hand
side of the equation is the non-adiabatic pressure pertur-
bation, we define non-adiabatic pressure covector as
Γa ≡ DaP − P˙
ρ˙
Daρ . (40)
Making use of the definitions in equations (31,32,34) one
can rewrite the curvature and non-adiabatic pressure cov-
ectors in terms of ordinary gradients
ζa = ∂aα− α˙
ρ˙
∂ρ (41)
Γa = ∂P − P˙
ρ˙
∂ρ . (42)
For the case of a single scalar field one can show that
non-adiabatic pressure covector is
Γa = 2
φ˙
ρ˙
V,φDaρ (43)
which vanishes in the long wavelength approximation.
Then considering ρ˙ = −Θφ˙2 in equation (39), leads to
the equation
ζ˙a =
2
3
V,φ
φ˙3
Daρ (44)
for the time evolution of the curvature covector for the
case of a single scalar field. The right-hand side of this
equation vanished in the long wavelength approximation.
This yields the conclusion that in the case of a single
perfect fluid the curvature fluctuation ζ is conserved on
super-Hubble scales at arbitrary order in perturbation
theory.
Case 2: A System of Two Coupled Scalar Fields
The extension to the case of two scalar fields was given
in [50]. The first step is to identify the adiabatic and
the entropy components of the fluctuations in this two
field system. To do this we use the formalism developed
7in [56] in which we are given two scalar fields φ and χ
which both have non-vanishing backgrounds which are
evolving in time. The adiabatic field σ is tangent to the
field trajectory, the entropy field s is orthogonal to it.
We can introduce the corresponding unit vectors in two-
dimensional field space via
eIσ ≡
1√
φ˙2 + χ˙2
(
φ˙, χ˙
)
, (45)
eIs ≡
1√
φ˙2 + χ˙2
(−χ˙, φ˙) , (46)
where I is the field space index. The angle θ of the tra-
jectory in field space is then given (in the small angle
approximation) by
θ =
χ˙
φ˙
. (47)
Using the above definitions, we can set up the adia-
batic and entropy field covectors by taking the respective
projective covariant derivatives of the basis fields φ and
χ:
σa ≡ eIσ∇aϕI = cos θ∇aφ+ sin θ∇aχ, (48)
sa ≡ eIs∇aϕI = − sin θ∇aφ+ cos θ∇aχ . (49)
Note that sa is orthogonal to u
a and we have uasa =
0, but this is not the case for adiabatic covector since
uaσa = σ˙.
The geometrical variables which describe the field per-
turbations are obtained by taking the spatially projected
version of the above equations
σ⊥a ≡ eIσDaϕI = σa + σ˙ua , (50)
s⊥a ≡ eIsDaϕI = sa . (51)
Note that these fluctuations are well defined non-
perturbatively.
From the Klein-Gordon equations for the φ and χ
fields, we can find the adiabatic and entropy components
of the Klein-Gordon equations. Using these equations
we can find the evolution equation for the adiabatic σa
and entropy sa covectors. The resulting equation for the
adiabatic component is [50]
(σ¨a)
⊥ + Θ(σ˙)⊥a + σ˙DaΘ +
(
V,σσ + θ˙
V,s
σ˙
)
σ⊥a −Da(∇cσ⊥c )
=
(
θ˙ − V,s
σ˙
)
sa)
 +
(
θ¨ − V,sσ + Θθ˙
)
sa −DaY(s) ,(52)
where
Y(s) =
1
σ˙
(
s˙a + θ˙σ
⊥
a
)
sa . (53)
The equation for the entropy component is [50]
s¨a +
(
Θ− 1
σ˙
(∇cσ⊥c − Y(s))
)
s˙a +
(
V,ss + θ˙
2 − 2θ˙ V,s
σ˙
)
sa
−Da(∇csc) (54)
=
θ˙
σ˙
(
DaΠ− Π˙
σ˙
σ⊥a − 2a
)− 1
σ˙
(
Dcs
c + Y(σ)
)·
σ⊥a
+DaY(σ)
where a is the covector associated with the comoving
energy density perturbation and
Y(σ) ≡ 1
σ˙
(
s˙a + θ˙σ
⊥
a
)
σ⊥,a . (55)
The first approximation we make is to linearize these
equations (the expansion parameter is the amplitude of
the fluctuations, which in our case is proportional to ~.)
This yields greatly simplified equations
(σ¨a)
⊥ + 3H(σ˙)⊥a + σ˙DaΘ +
(
V,σσ − θ˙2
)
σ⊥a −Da(Dcσ⊥c )
' 2(θ˙sa)· − 2V,s
σ˙
θ˙sa , (56)
and
s¨a + 3Hs˙a +
(
V,ss + 3θ˙
2
)
sa −Da(Dcsc)
' −2 θ˙
σ˙
a . (57)
The final approximation we make is to focus on long
wavelengths, i.e. we work in the leading order gradi-
ent expansion in which also the comoving energy density
fluctuation vanishes. This yields our final equations
(σ¨a)
⊥ + 3H(σ˙)⊥a + σ˙DaΘ +
(
V,σσ − θ˙2
)
σ⊥a
' 2(θ˙sa) − 2θ˙ V,σ
σ˙
sa (58)
and
s¨a + 3Hs˙a +
(
V,ss + 3θ˙
2
)
sa ' 0 . (59)
As is well known in the linear theory of cosmological per-
turbations (see e.g. [57] for an overview and [58] for an
introduction), the entropy fluctuations are not affected
by the amplitude of the adiabatic perturbation. On the
other hand, entropy fluctuations induce a growing adia-
batic mode.
APPLICATION OF THE COVARIANT
FORMALISM TO MASSLESS PREHEATING
Our goal in this section is to show that in massless pre-
heating entropy fluctuations are indeed parametrically
amplified, and that this in turn leads to an exponen-
tially growing contribution to curvature fluctuations. As
we shall see, the effect on the curvature fluctuations is
quadratic in the amplitude of the quantum fluctuations.
The entropy fluctuations themselves have an exponen-
tially growing term which is linear in the fluctuation am-
plitude. However, the coupling between the entropy and
8the adiabatic mode is suppressed by an additional power
which comes from the fact that the background of the
entropy field vanishes at zero’th order.
For the case of massless preheating the equation for
long wave linearized entropy fluctuations (59) becomes
s¨a + 3Hs˙a +
[
(3λφ2 + g2χ2) sin2 θ − 2g2φχ sin 2θ
+ g2φ2 cos2 θ + 3θ˙2
]
sa ' 0 . (60)
To analyze this equation of motion we make a couple
of approximations and use the following setup:
• As mentioned before, at the beginning of preheat-
ing the overall homogeneous value of the χ field is
zero (the effective χ field on a scale k will be non-
vanishing but of linear order in the amplitude of
the fluctuations).
• We use the relation for θ in the small angle approx-
imation introduced in the previous subsection:
θ ≡ χ˙
φ˙
(61)
for the instantaneous angle between the back-
ground trajectory and the φ field direction in field
space. Therefore at the beginning of preheating the
angle is of linear order in the fluctuations.
• We will use the result from [56] for θ˙ in the large
scale limit
θ˙ = −V,s
σ˙
, (62)
where V, s is the derivative of the potential with
respect to the entropy component. We use another
result which is shown in [56]
V,s = −V,φ sin θ + V,χ cos θ . (63)
At the beginning of preheating we have V,χ ' χ
which like χ is of first order. Thus, θ˙ is of first
order and we can drop the last term in equation
(60) as it is of second order.
• The perturbative expression for the expansion pa-
rameter is
Θ = 3H + F + 2G+ higher order terms . (64)
We will only need to consider the zero’th order term
since effects of the other terms would be of higher
order in perturbation theory.
Making use of the above points, the equation (59) at
leading order becomes
s¨a + 3Hs˙a + g
2φ2sa = 0 . (65)
If we do a conformal transformation
asa ≡ Sa
aφ ≡ ϕ (66)
and work with conformal time instead of physical time
we get
S′′a + g
2ϕ2Sa = 0 , (67)
which has the same structure as the equations (14, 15)
for the χ background field. From the discussion of the so-
lutions of this equation in the early section of this article
it thus follows that
Sa = B1u1a +B2u2a , (68)
where u1a is exponentially growing and u2a is exponen-
tially damped. Considering only the growing mode and
remembering the same form for u1a as we used in equa-
tion (22), we find
Sa = Hk
−3/2 exp(µx)P1a(x, k) , (69)
where P1a indicate periodic functions of x with unit am-
plitude, and we hence conclude that the entropy com-
ponent is exponentially growing due to parametric reso-
nance at the beginning of preheating. This is one of the
main results of our paper.
We are interested in the process of conversion of the
entropy fluctuation into a curvature fluctuation. This
process happens continuously througout the preheating
phase. In the rest of this section we will study the evolu-
tion of curvature covector due to this conversion process.
As is well known, entropy fluctuations can seed a grow-
ing curvature fluctuation mode on super-Hubble scales.
In the linear approximation which we use (and working
under the small angle θ assumption) the induced curva-
ture fluctuation ζentk is given by
ζentk '
H
ϕ˙2
χ˙Sk , (70)
where Sk is the Fourier space entropy fluctuation deter-
mined above in (69). Making use of (69), inserting the
result for χ given in (25), and taking care of the change
in the temporal variable from x to η we find
ζentk '
√
piλ
H3ϕ
ϕ˙2
e2µxk−3/2P (x, k) (71)
where P is a periodic function of unit amplitude. This
clearly shows the exponential growth of the induced cur-
vature fluctuations. A derivation of this result from first
principles making use of the covariant formalism is given
in the Appendix. Note that even though µk < 1, the
time scale of the exponential instability is (while long
compared to the oscillation time) short compared to the
9Hubble expansion time, the time scale relevant to the
conversion of entropy fluctuations to adiabatic ones.
We can evaluate the power spectrum for the curvature
perturbation given by the entropy mode from at horizon
crossing:
P entk =
k3
2pi2
|ζentk |2 ∼ λ
H6
ϕ˙4
ϕ2e4µx . (72)
Hence, we conclude that the entropy perturbations give
a scale invariant contribution to the power spectrum of
the curvature perturbation from inflation, but with an
amplitude which is exponentially increasing.
We have derived our result in a simple two field in-
flation model, the conclusions will carry over to other
multi-field models. Our work suggests that in any infla-
tionary model in which the inflaton satisfies the massless
preheating condition, then if low mass entropy fields are
present which couple to the inflaton, then parametric res-
onance of the entropy perturbation indeed happens. Due
to the conversion process of entropy perturbation into
adiabatic perturbation (as studied in the context of cou-
pled scalar fields in [56]), parametric resonance of entropy
perturbation may lead to a rapidly growing adiabatic
mode which could have a large impact on the spectrum of
curvature perturbation we observe today. The spectrum
will remain approximately scale-invariant, but there is
the danger that the exponential growth will cause the
fluctuations to become non-linear (which would rule out
the model). To see whether this is a serious concern, we
must however first consider back-reaction issues. Back-
reaction might cut off the instability before the induced
curvature fluctuations become too large. However, below
we find that at least the back-reaction effects which we
consider are not strong enough to shut off the resonance
in time for the induced curvature fluctuations to remain
small enough.
Back-reaction
In the previous sections we considered the paramet-
ric resonance of entropy perturbations during preheat-
ing neglecting any back-reaction effects. However, the
exponential instability of the entropy field leads to an
exponential creation of χ particles that are expected to
back react in the background. The study of back-reaction
is important, since the cumulative effect of the creation
of particle eventually becomes important affecting the
resonance and even terminating preheating, as already
noticed in [8, 28, 47] (see also [59] for earlier numerical
work).
We will consider two back-reaction effects that can af-
fect preheating in the g2/λ = 2 case. Other back-reaction
effects and parameters choices were studied in [28, 47].
The first effect is the back reaction of the parametrically
amplified χ on the evolution of the inflaton background.
If the force induced by χ is larger than the force present in
the absence of χ, then the condition for massless preheat-
ing will no longer be satisfied and the broad parametric
resonance will terminate. This will happen when
g2〈χ2〉 ∼ λφ2 . (73)
Using 〈χ2〉 = χ2eff from (25) and setting φ = φend, this
condition implies that
e2µ∆x ' λ−1 . (74)
This gives us the time interval before this back-reaction
effect becomes important. We can use this result to eval-
uate the power spectrum of the curvature perturbations
induced by entropy modes at the time that the resonance
shuts off by this back-reaaction effect. Using (72) and
(74), the power spectrum at this time is given by:
P entk ∼ λ−1
H6
ϕ˙4
ϕ2 . (75)
Since at the end of inflation ϕ˙2 = V and ϕ = ϕend,
we can estimate the power spectrum for the curvature
perturbations from the super-Hubble amplified entropy
perturbations as:
P entk ∼
1
5
. (76)
This is considerably larger than the observed values, ex-
ceeding by many orders of magnitude the COBE nor-
malization measurement [60]. We thus conclude that the
parametric amplification of entropy perturbations can
lead to a serious problem for models like the one we con-
sider, unless other effects are found which shut off the
resonance earlier.
We can also consider the back-reaction of the produced
χ particles on the Friedmann equation. We find that de-
manding that the induced χ terms remain sub-dominant
leads to precisely the condition (73).
The second effect considered in this paper is the influ-
ence of the produced δφ particles on the δχ resonance.
If the creation of φ particles is large enough, increasing
significantly the effective mass of the δχ field, this could
damp or even stop the resonance of the χ field. Thus we
need to know if
V,χ < g
2χ〈δφ2〉 ⇒ φ2 < 〈δφ2〉 , (77)
at some point during preheating, altering the effective
time dependent mass and consequently the χ resonance.
However, we can see from the equation for the eigen-
modes φk(t) during preheating:
¨δφk + 3H ˙δφk +
(
k2
a2
+ 3λδφ2
)
δφk = 0 , (78)
that for δφk the resonance is always narrow, since it
is equivalent to the case of parametric resonance with
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g2/λ = 3. This leads to a very small characteristic expo-
nent µ [47] and a very inefficient creation of φ particles.
This effect will always be less important than the para-
metric resonance for the χ field, that is very broad and
has a large characteristic exponent. Thus, the second
back-reaction effect studied in this paragraph does not
have the potential of shutting off the resonant amplifi-
cation of entropy fluctuations early, and does not change
the conclusion from (76) that the curvature perturbations
are too large when the resonance is finally shut off.
We have to stress, though, that the full theory of back
reaction and reescatering during preheating is not fully
developed. However, this result represents an advance
with respect to previous investigations since the covariant
formalism allows for a full non-linear analysis including
metric fluctuations (although we here considered only the
linear limit).
CONCLUSIONS
We have considered the preheating of entropy fluctu-
ations in a two field model in which an inflaton field
with vanishing bare mass is coupled to a massless entropy
field. In the absence of metric fluctuations, it is known
that in this model there is efficient preheating (“massless
preheating”). We find, using a covariant formulation of
the theory of cosmological fluctuations which in princi-
ple can be extended to a full nonlinear analysis, that the
entropy fluctuations experience a period of broad para-
metric resonance. At quadratic order in the amplitude
of fluctuations, the entropy modes seed a growing curva-
ture fluctuation. Hence, we find a curvature fluctuation
mode which is growing exponentially during the preheat-
ing phase. In agreement with previous studies [28] we
find that back-reaction effects are too weak to shut off
the resonance before the power spectrum of the induced
curvature fluctuations has reached an amplitude close to
1, i.e. many orders of magnitude larger than the obser-
vational value. Hence we see that models of the type we
consider here are phenomenologically ruled out, unless
there are back-reaction effects not considered here which
manage to truncate the resonance earlier than the ones
we have studied.
Our results confirm those of earlier studies [24, 25]
which were reached using different methods. The advan-
tage of the formalism used here is that it is in principle
extendible to the non-linear regime, although here we use
a linear truncation of the method. Hence, our paper re-
solves a controversy about the validity of previous works.
A significant limitation of our results is that they only
apply to models with a massless inflaton. Such models
may be motivated by conformal symmetry arguments.
We do not regard the restriction to massless entropy fields
to be a significant limitation, the reason being that the
conclusions go through as long as the χ mass is small
compared to H, and there are lots of fields with masses
smaller than the value of H during inflation.
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APPENDIX
In this appendix we derive the growth of induced cur-
vature fluctuations from first principles, making use of
the covariant formalism.
In the long wavelength limit, the growth of ζ is given
by [38, 50]
ζ˙a ≡ Luζa = 2
3
Θ
σ˙2
V,sSa . (79)
Note that the induced growing mode of ζ is quadratic in
the magnitude of fluctuations.
The equation (79) can be understood in the following
way: For the Lie derivative of curvature covector we have
Luζa = uc∇cζa + ζc∇auc . (80)
Considering uc = {1/a, 0, 0, 0} we get
Luζa = 1
a
∂tζa . (81)
Then one can find the relation between the curvature
covector and the conventional coordinate based curvature
perturbation as follows [52] (up to first order)
ζi = ∂iζ . (82)
Note that the quantity ζ we introduced here is the same
as the conventional curvature perturbation in the large
scale limit which we are interested in (see the discussion
in [52]). The same relation holds for Sa, and considering
∂i → ik in Fourier space leads to
1
a
∂tζ =
√
2H
σ˙2
V,sH k
−3/2 exp(µx)P1(x) . (83)
Up to first order in perturbation theory
σ˙2 ' φ˙2 (84)
and
V,s = −λφ3θ + g2φ2χ . (85)
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Using dimensionless conformal time and again applying
the conformal transformation ϕ = aφ and the same for
the preheat field χ, we obtain for the angle θ
θ =
χ′
a − a
′
a2χ
ϕ′
a − a
′
a2ϕ
. (86)
Therefore using equation (79) gives
ζ ′ =
2
√
pi
x
k−3/2cos2(x)e2µxF (x) , (87)
where
F (x) ≡ λµx sin
2(x) cos(x) + x cos2(x) sin(x)− sin2(x) cos(x)
(x sin(x) + cos(x))3
+ g2
sin2(x)
(x sin(x) + cos(x))2
, (88)
which clearly shows that
ζ ∝ exp(2µx) . (89)
Hence, we conclude that parametric resonance of entropy
perturbations induces an exponentially growing curva-
ture mode.
Thus, we see that taking into account the squeezing of
the modes and the solution (22), the curvature perturba-
tion induced by the entropy modes after inflation, using
(83), is given by:
ζentk ∼
√
2piλ
H3
ϕ˙2
ϕk−3/2e2µx , (90)
where we made the approximation of V,s ' λϕ2χeff since
g2/λ = 2, the same result obtained in the main part of
the text using the approximate treatment.
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